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This paper provides a continuummechanical model for the curing of polymers, including the incompress-
ibility effects arising at the late stages of the process. For this purpose, the free energy density functional
is split into a deviatoric and a volumetric part, and a multiﬁeld formulation is inserted. An integral for-
mulation of the functional is used to depict the time-dependent material behavior. The model is also cou-
pled with the multiscale ﬁnite element method, a numerical approach serving for the modeling of
heterogeneous materials with a highly oscillatory microstructure. The effects of the proposed extensions
are illustrated on the basis of several numerical examples concerned with the study of the inﬂuence of
Poisson’s ratio on the curing process and the behavior of the microheterogeneous polymers.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
The polymer structure of natural materials was ﬁrst recognized
by H. Staudinger in the second decade of the 20th century. Since
then, this kind of material is the topic of many interdisciplinary re-
searches and plays a more andmore important role in everyday life.
In the context of the mechanical modeling of polymers, the
various predominant groups of approaches may be mentioned.
The methods which are based on the idea of residual stresses
(Antonucci et al., 2006; Chen et al., 2001; Kiasat, 2000; Kiasat
and Marissen, 2000; Ruiz and Trochu, 2005) mainly refer to the
case of linear elasticity and viscoelasticity. The continuum
mechanical models (Adolf et al., 1998; Adolf and Chambers,
1997; Hossain et al., 2009b; Lion and Höfer, 2007) have been
established more recently and are commonly based on the theory
of ﬁnite deformation (Anand and Gurtin, 2003; Gearing and
Anand, 2004; Mulliken and Boyce, 2006; Sharma et al., 2008).
They are often used to simulate secondary processes such as
damage (Mergheim et al., 2012) or in a combination with other
approaches such as the Arruda-Boyce model (Hossain and Stein-
mann, 2011). Another important group includes phenomenologi-
cal models (Han et al., 1998; Karkanas and Partridge, 1996)
which are closely related to the experimental investigations
(Hojjati et al., 2004; Kim and White, 1996; Ruiz and Trochu,
2005; Suzuki and Miyano, 1977; Thomas et al., 2007).ll rights reserved.
fax: +49(0)234 32 14154.The current paper focuses on the ﬁrst phase of the life-time of
polymers known as curing or polymerization. At the beginning of
this process, polymer is a liquid consisting of a large number of
short polymer chains. However, this chemical conﬁguration is
energetically inconvenient so that the molecules cross-link to
each other, thus causing the gradual transformation of the liquid
into the solid material. In the work, the emphasis is especially
placed on the simulation of the late stage of the curing process,
starting with the gel point. At this phase, the polymers behave
as viscoelastic solids with the time-dependent material parame-
ters for whose characterization the static relaxation and curing
tests as well as the dynamic mechanical analysis (DMA) are used.
The static investigations show that the relaxation modulus
strongly decreases while the creep compliance signiﬁcantly in-
creases during the curing. This phenomena are even more distinct
if the tests are carried out at high temperatures (Kiasat, 2000;
Kiasat and Marissen, 2000; Simon et al., 2000; O’Brien et al.,
2001). The results of the torsional and normal DMA indicate that
the dynamic shear and bulk modulus behave similarly to each
other: their starting value is zero and they initially increase at a
high rate. At the end of the curing process, the rate gradually de-
creases and the moduli slowly achieve the ﬁnal values. It should
also be underlined that the normal DMA yields very low values
for the storage bulk modulus at the initial stage of the curing.
However, since a polymer before reaching the gel point behaves
as a liquid, these low values are mostly neglected and the bulk
modulus of the liquid resin is assumed as the initial value. The
investigations also show that the storage shear and bulk moduli
are frequency-dependent and that the shear modulus is more
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parameters have higher values if higher frequencies are applied
(Kiasat, 2000; Kiasat and Marissen, 2000; Simon et al., 2000;
O’Brien et al., 2001).
Another important point in the characterization of polymers is
the determination of Poisson’s ratio. It is commonly assumed that
this material parameter has an initial value of 0.40 a peak of 0.45
and a long-time value about of 0.34 (Tsou et al., 1995). Alterna-
tively some authors propose that the starting value of this param-
eter amounts to 0.5, which goes back to the fact that a resin before
reaching the gel point behaves as an incompressible liquid (Kiasat,
2000). According to these authors, the value of Poisson’s ratio grad-
ually falls during the curing process up to the long-time value
amounting to 0.35. Finally, the investigations based on the Moiré
interferometry indicate that Poisson’s ratio during the curing pro-
cess increases from 0.4 to 0.5 (O’Brien et al., 2007).
The current paper provides a continuum mechanical model
which can be used for a simulation of the incompressible behav-
ior of polymers during the curing process. This is strongly moti-
vated by the experimental investigations mentioned above
(Kiasat, 2000; O’Brien et al., 2007). The emphasize is placed on
the more recent results showing that Poisson’s ratio grows from
0.4 to 0.5 (O’Brien et al., 2007), but the same formulation can
be applied for the opposite case in which this parameter falls
from 0.5 to 0.35 (Kiasat, 2000). Within the model presented, the
free energy density in the integral form is proposed and together
with the requirement for the thermodynamical consistency used
in the derivation of the constitutive and evolution equations. A
similar concept is presented in the work of Hossain et al.
(2009a), however, the energy density in the current model con-
sists of the volumetric and the deviatoric part, and the multiﬁeld
description instead of the standard displacement formulation is
assumed. Typically for the modeling of incompressible materials,
the mentioned modiﬁcationsguarantee that the volume locking
effects are circumvented (Simo and Hughes, 1997).
The simulation of microheterogeneous polymers is another as-
pect of the curing process studied in this paper. For this purpose
the multiscale ﬁnite element method (FEM) is used. This numer-
ical homogenization approach is especially suitable for the simu-
lation of heterogeneous materials with a highly oscillatory
microstructure (Feyel, 2003; Feyel and Chaboche, 2000; Miehe
et al., 2002a,b,c; Schröder, 2000). It is based on the solution of
two boundary value problems (BVPs) such that one of them is re-
lated to the macroscopic body and the other to the properly cho-
sen sample of the microstructure known as representative
volume element (RVE). The bonding of scales is realized through
the requirement for the balance of energy, which is known as
Hill–Mandel macrohomogeneity condition (Hill, 1952, 1963,
1972). This method has already been used in our previous works
for the modeling of linear and nonlinear elastic materials with
time-independent properties (Klinge, 2012; Ilic and Hackl, 2009;
Ilic et al., 2011, 2010).
The paper is structured as follows: The proposed material
model is comprehensively explained and substantiated in Section
2. Moreover, the assumption is checked for thermodynamical
consistency, and the constitutive laws are derived from this con-
dition. Section 3 explains the numerical aspects related to the
implementation of the model into the FEM. Here, the focus is
on the derivation of the incremental form of the evolution laws
and the material tangents. The obtained expressions are eluci-
dated on the basis of the example which is concerned with the
neo-Hooke strain energy density (Section 4). The principles of
the multiscale FEM and the implementation of the curing model
into this concept are explained in Section 5. Finally, Sections 6
and 7 show the numerical simulations. The initial examples deal
with the single-scale models in which Poisson’s number is varied,while the later ones simulate the curing of the microheteroge-
neous polymers. The paper closes with several conclusions and
an outlook.2. Material model
The continuum mechanical model which will be presented in
this section, aims at capturing two special features of the curing
process, namely the temporal evolution of the material properties
as well as the incompressibility of polymers at the late stage of the
curing process. For the modeling of the second aspect mentioned, a
mixed formulation and a split of the energy density U into a volu-
metric Uvol and a deviatoric part Udev are advantageous
Uðu; h;pÞ ¼ Udev Wdevf g þUvolfWvolg þ p JðuÞ  h½ : ð1Þ
Here, each part of the free energy density is dependent on the cor-
responding strain energy density, Wdev and Wvol, and the last term
on the right hand side is introduced to stipulate the equality of
the volume change hwith the Jacobian J ¼ detF. This is the so called
Lagrange term. The remaining notation is standard: u denotes the
displacement vector, F the deformation gradient, and the Lagrange
multiplier p is the hydrostatic pressure. The formulation (1), was
ﬁrst proposed by Simo and Hughes (1997) and guaranties that the
artiﬁcially small deformations, going back to the volume locking,
are avoided.
In order to complete the constitutive model (1), still the devia-
toric and the volumetric part of the free energy density must be
speciﬁed. Bearing in mind the time dependency of the material
properties, the following expressions in the integral form are as-
sumed for this purpose
UdevðtÞ ¼ 12
Z t
0
C0devðsÞ : CisoðtÞ  CisoðsÞ½ 
 
: CisoðtÞ  CisoðsÞ½ ds; ð2Þ
UvolðtÞ ¼ 12
Z t
0
K 0ðsÞ hðtÞ  hðsÞ½ 2ds: ð3Þ
Here, s is the integration variable, the prime symbol denotes the
total differential, C the right Cauchy deformation tensor and Ciso
denotes its isochoric part, deﬁned as Ciso ¼ J
2
3C. The assumed for-
mulation can be interpreted as the accumulation of the elastically
stored energy while both the stiffness and the deformation are
continuously evolving (Hossain et al., 2009a). The stiffnesses Cdev
and K are deﬁned by the relations
CdevðtÞ ¼ 4 @
2WdevðCisoðtÞÞ
@C2ðtÞ ; ð4Þ
KðtÞ ¼ @
2WvolðhðtÞÞ
@h2ðtÞ ; ð5Þ
where the deﬁnition (4) guarantees the positive semi-deﬁniteness
of Cdev. The following feature of the model should be especially
pointed out: While the notation U is related to the total-accumulat-
edfree energy density, the symbolW is used to denote the strain en-
ergy density which is equipped with temporally evolving
parameters.
By introducing (2) and (3), the constitutive model is completed,
however, its thermodynamical consistency must still be proved.
Please note that in the following the whole process is assumed to
be isothermal so that this condition takes a short form
S : _E _UP 0; ð6Þ
where S denotes the second Piola–Kirchhoff stress tensor and _E is
the material time derivative of the Green strain tensor. The assump-
tion that there is no exchange of heat does not actually meet the
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of heat, however, it leads to the signiﬁcant simpliﬁcations.
In order to check the thermodynamical consistency, the rate of
the energy density is calculated ﬁrst
_UðtÞ ¼
Z t
0
C0devðsÞ : CisoðtÞ  CisoðsÞ½ 
 
: _CisoðtÞdsþ p @J
@C
: _CðtÞ
þ
Z t
0
K 0ðsÞ hðtÞ  hðsÞ½ s _hðtÞds p _hðtÞ þ J  h½  _pðtÞ: ð7Þ
Thereafter, Eq. (7) is implemented in (6) and the terms including
_CðtÞ; _hðtÞ and _pðtÞ are grouped together, which leads to the following
inequality
S 2
Z t
0
C0devðsÞ : CisoðtÞ  CisoðsÞ½ 
 
ds 2p @J
@C
 
:
1
2
_CðtÞ
þ p
Z t
0
K 0ðsÞ hðtÞ  hðsÞ½ ds
 
_hðtÞ þ J  h½  _pðtÞP 0: ð8Þ
Please note that in the formulation of the ﬁrst term in the previous
equation, the orthogonality of deviatoric and volumetric quantities
is used to replace _CisoðtÞ by _CðtÞ. The expression (8) clearly shows
that the equality sign is valid if all expressions in brackets vanish.
As in that case, the thermodynamical consistency isguaranteed,
the limiting (-equality) case is used to give the deﬁnitions for stres-
ses S and p and volume change h. The expression in the ﬁrst brackets,
for example, determines the second Piola–Kirchhoff stress tensor
S ¼ 2
Z t
0
C0devðsÞ : CisoðtÞ  CisoðsÞ½ 
 
dsþ 2p @J
@C
; ð9Þ
which can also be split into a deviatoric and a volumetric part
Sdev ¼ 2
Z t
0
C0devðsÞ : CisoðtÞ  CisoðsÞ½ 
 
ds; ð10Þ
Svol ¼ 2p @J
@C
: ð11Þ
The expressions in the remaining brackets in Eq. (8) yield deﬁni-
tions for the hydrostatic pressure and the volume change
p ¼
Z t
0
K 0ðsÞ hðtÞ  hðsÞ½ ds; ð12Þ
h ¼ J: ð13Þ3. The FEM implementation
Within the scope of this paper, the FEM will be used for the
numerical simulations. To this end, ﬁrst the following three-ﬁeld
potential is considered
Pðu;h;pÞ¼
Z
V
Udev WdevðCisoÞf gþUvol WvolðhÞf gþp JðuÞh½ ½ dVþPext;
ð14Þ
where the ﬁrst term on the right-hand side represents theelastic en-
ergy density obtained by integrating thefree Helmholtz energy den-
sity over the body. The second term, Pext, is the potential
corresponding to the external load. Typically for the nonlinear prob-
lems, the FEM represents an iterative procedure focused on the calcu-
lation of the displacement increments, whose summing up yields the
total deformation. The calculation of the displacement increments is
based on the expression for the second variation of the potential,
which is substantiated as follows: The ﬁrst variation is related to
the minimization of the potential and makes use of the fact that the
actual state of the deformation minimizes the energy of a system.
The second variation is necessary to linearize the problem and thus
related to the numerical aspects of the solution procedure.For the particular form of the potential given by the expression
(14), the second variation is written as follows (Ilic and Hackl,
2009)Z
V
Grad du : GradDu  Sdev þ Svol½ ½ dV þ
Z
V
GradTdu  F
h i
: Edev þ Evol½  : FT  GradDu
h i
dV þ
Z
V
GradTdu  F
h ih
: JC1
K
V
Z
V
JC1 : FT  GradDu
h i
dV

dV þ DduPext ¼ duPres: ð15Þ
Here Du denotes the displacement increment and Edev and Evol are
the deviatoric and volumetric material tangents so that
Edev ¼ 2 @Sdev
@C
; Evol ¼ 2 @Svol
@C
: ð16Þ
The residual has the form
duP
res ¼
Z
V
GradTdu  F
h i
: Sdev þ Sdev½ dV þ duPext ð17Þ
and represents the ﬁrst variation of the potential (14) with respect
to the displacements, evaluated for the known total deformation
from the previous iteration step. As here only conservative loads
are used, the increment DduPext vanishes in all examples.
A further speciﬁcation of single terms in (15) requires a new
consideration of Eqs. (10)–(12). These expressions deﬁne stresses
but are not suitable for a numerical implementation due to their
integral form. A simpliﬁcation inserted here relies on the following
idea: ﬁrst, the rates of the deviatoric stresses and hydrostatic pres-
sure are derived
_Sdev ¼ 2Cdev : _Ciso; ð18Þ
_p ¼ K _h: ð19Þ
Thereafter, the Euler-backward scheme is applied for the evaluation
of the corresponding values in the current time step
Snþ1dev ¼ Sndev þ 2Cnþ1dev : Cnþ1iso  Cniso
h i
; ð20Þ
pnþ1 ¼ pn þ Knþ1 hnþ1  hn : ð21Þ
Eq. (20) represents the ﬁnal expression for the deviatoric second
Piola–Kirchhoff stress tensor while Eqs. (11) and (21) are further
used in the calculation of the volumetric stresses
Snþ1vol ¼ 2pnþ1
@Jnþ1
@Cnþ1
: ð22Þ
Naturally, the indices nþ 1 and n in the expressions (20)–(22) de-
note the points in time tnþ1 and tn. The calculation of material tan-
gents is now straightforward. The current deviatoric material
tangent is calculated using Eqs. (16)1 and (20)
Enþ1dev ¼ 2
@Snþ1dev
@Cnþ1
¼ 4Cnþ1dev :
@Cnþ1iso
@Cnþ1
þ 4 Cnþ1iso  Cniso
h i
: Unþ1dev ; ð23Þ
Unþ1dev ¼
@Cnþ1dev
@Cnþ1
; ð24Þ
while Eqs. (16)2 and (22) yield the volumetric material tangent Enþ1vol
Enþ1vol ¼ 2
@Snþ1vol
@Cnþ1
¼ 4pnþ1 @
2J
@C2
" #nþ1
: ð25Þ4. Curing model for the neo–Hooke material
The presented model will be illustrated on the basis of an exam-
ple concerned with the neo-Hooke strain energy density
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l
l
2
Ciso : I 3½  þ j h ln h hþ 1½  þ p J  h½ : ð26Þ
Here it should be particularly stressed that all quantities are time-
dependent. The ﬁrst term on the right-hand side represents the
deviatoric part of the strain energy density Wdev and the second
term is the volumetric part Wvol. The last term is the Lagrange
term as explained in Section 2. The material parameters l ¼ lðtÞ
and j ¼ jðtÞ are the time-dependent shear modulus and bulk mod-
ulus describing the material stiffening during the curing phenom-
ena. In the following, the ﬁnal expressions for the stresses and
material tangents will be derived for this particular type of the
strain energy density. Please note that in the following section,
the indices related to the time steps are omitted in order to avoid
a confusing notation.
4.1. Deviatoric quantities
The derivation of quantities related to the deviatoric part of
deformation starts by considering the stiffness operator which is
deﬁned as the second derivative of the strain energy density with
respect to the right Cauchy deformation tensor (4):
Cdev ¼ 4 @
2WdevðCisoÞ
@C2
¼ 4 @
2Wdev
@C2iso
:
@Ciso
@C
þ @Wdev
@Ciso
:
@2Ciso
@C2
" #
: ð27Þ
This relation depends on two derivatives of the strain energy den-
sity (26)
@WdevðCisoÞ
@Ciso
¼ 1
2
lI; ð28Þ
@2WdevðCisoÞ
@C2iso
¼ 0 ð29Þ
and two derivatives of the deviatoric part of the right Cauchy defor-
mation tensor
@Ciso
@C
 
ijkl
¼ J23 ðIÞijkl
1
3
CijC
1
kl
 
; ð30Þ
@2Ciso
@C2
 !
ijklmn
¼1
3
J
2
3 ðIÞijklC1mn
1
3
CijðBÞklmnþðIÞijmnC1kl þCijðAÞklmn
 
: ð31Þ
After the implementation of Eqs. (28)–(31) into (27), the stiffness
operator obtains the particular form
Cdevð Þklmn¼
2
3
lJ
2
3Iij ðIÞijklC1mn
1
3
CijðBÞklmnþðIÞijmnC1kl þCijðAÞklmn
 
:
ð32Þ
Please note that in the expressions (31) and (32) the following short
notation is used
ðAÞijkl ¼
@C1
@C
 !
ijkl
¼ 1
2
C1ik C
1
jl þ C1il C1jk
h i
; ð33Þ
ðBÞijkl ¼ C1  C1
 	
ijkl
¼ C1ij C1kl : ð34Þ
Attention should also be paid to the evaluation of Udev which is a
constituent of the deviatoric material tangent Edev. By using the def-
inition (24) and bearing in mind Eq. (29), this quantity is expressed
in the form
Udev ¼ @Cdev
@C
¼ 4 @Wdev
@Ciso
:
@3Ciso
@C3
; ð35Þ
where the derivative of Ciso is calculated as follows@3Ciso
@C3
 !
ijklmnop
¼1
9
J
2
3 ðIÞijkl
1
3
CijC
1
kl
 
ðBÞmnop

þ ðIÞijmnðBÞklopþCijðAÞklmnC1op
h i
þ ðIÞijopðBÞklmnþCijðAÞklopC1mn
h i
3 ðIÞijkl
1
3
CijC
1
kl
 
ðAÞmnop
1
3
ðIÞijmnðAÞklopþðIÞijopðAÞklmnþCijðDÞklmnop
h i
: ð36Þ
By the implementation of Eqs. (28) and (36) into (35), the ﬁnal
expression for Udev turns into:
Udevð Þklmnop ¼
2
9
lJ
2
3Iij ðIÞijkl 
1
3
CijC
1
kl
 
ðBÞmnop

þ ðIÞijmnðBÞklop þ CijðAÞklmnC1op
h i
þ ðIÞijopðBÞklmn þ CijðAÞklopC1mn
h i
3 ðIÞijkl 
1
3
CijC
1
kl
 
ðAÞmnop
1
3
ðIÞijmnðAÞklop þ ðIÞijopðAÞklmn þ CijðDÞklmnop
h i
; ð37Þ
where use is made of the following new notation
Dð Þijklmn ¼
@A
@C
 
ijklmn
¼ 1
2
ðAÞikmnC1jl þ C1ik ðAÞjlmn þ ðAÞilmnC1jk þ C1il ðAÞjkmn
h i
:
ð38Þ4.2. Volumetric quantities
The derivation of the volumetric quantities is even more
straightforward than the calculation of the deviatoric ones. For
example, by implementing the assumption (26) into Eq. (21), the
hydrostatic pressure is calculated as follows
pnþ1 ¼ pn þ j
h
h inþ1
hnþ1  hn : ð39Þ
Furthermore, the expressions (22) and (25) and the relation
@J
@C ¼ 12 JC1 are used for calculating the volumetric part of the second
Piola–Kirchhoff stress tensor Snþ1vol and the corresponding material
tangent Enþ1vol :
Snþ1vol ¼ pnþ1Jnþ1 C1
h inþ1
; ð40Þ
Enþ1vol ¼ 2pnþ1Jnþ1
1
2
Bnþ1 þAnþ1
 
: ð41Þ
The assumption for the material law (26) has an indirect inﬂuence
on the stress Snþ1vol and tangent E
nþ1
vol through the hydrostatic pressure
pnþ1.
5. Principles of the homogenization theory for the ﬁnite
deformations
While the extendedmaterial model for the curing of polymers is
presented in the previous sections, the modeling of heterogeneous
materials will be studied here. The particular choice for the
homogenization strategy is concerned with the multiscale FEM, a
numerical method often used nowadays (Feyel, 2003; Feyel and
Chaboche, 2000; Miehe et al., 2002a,b,c; Schröder, 2000; Ilic and
Hackl, 2009). The main feature of this approach is that the simula-
tion of a heterogeneous body is split into the solution of two BVPs.
One of them is related to the modeling of a macroscopic body with
the replacing effective material properties and the other to the
simulations of the RVE depicting the material microstructure.
The bonding of these two BVPs is achieved by the deﬁnitions for
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ity condition (Hill, 1963, 1972).
Within the scope of the theory of ﬁnite deformations, the deﬁ-
nitions for the macroscopic deformation gradient and ﬁrst Piola-
Kirchhoff stress tensor are of primary importance and they have
the following form (Hill, 1972; Ilic and Hackl, 2009; Schröder,
2000)
F ¼ 1
V
Z
V
FdV 
Z
L
x NdA
 
¼ 1
V
Z
@B
x NdA; ð42Þ
P ¼ 1
V
Z
V
PdV ¼ 1
V
Z
@B
T XdA: ð43Þ
Here, the symbols with an overbar denote the quantities related to
the macroscopic level. The remaining notation is typical for the the-
ory of ﬁnite deformations. X is the position vector, N is the normal
vector to the body surface, F is the deformation gradient, P the ﬁrst
Piola–Kirchhoff stress tensor and T the traction. The uppercase let-
ters are related to the reference conﬁguration and the lower case
letters to the current conﬁguration. The averaging is performed over
the volume V of the RVE B with the boundary @B and the boundary
of the voids L inside the RVE.A comprehensive derivation of Eqs.
(42) and (43) is provided in the appendix.
The Hill macrohomogeneity condition is concerned with the
energetic aspects of the transition between the scales. It is practi-
cally a balance law requiring the equality of the macropower with
the volume average of the micropower, which can be expressed in
the following ways
P : _F ¼ 1
V
Z
V
P : _FdV () 1
V
Z
@B
T PN   _x _FXh idA ¼ 0: ð44Þ
The importance of the Hill condition lies in the fact that it enables
the deﬁnition of boundary conditions on the microlevel. Two types
of such conditions, the static and the kinematic one, can be deter-
mined directly from (44)2
T ¼ P N on @B - static b:c: ð45Þ
x ¼ F  X on @B - kinematic b:c: ð46Þ
However, for the purposes of this contribution, the periodic bound-
ary conditions will be considered. In this case, the deformation
takes the form dependent on the macrodeformation gradient F
and microﬂuctuations ew
x ¼ F  Xþ ew ð47Þ
which, after the implementation in (44)1, yields the conclusion that
the microﬂuctuations ew have to be periodic and the tractions T
antiperiodic on the periodic boundary of the RVE:
ewþ ¼ ew and Tþ ¼ T on @B: ð48Þ
The assumption (47) leads to the additive decomposition of the
microdeformation gradient
F ¼ Gradx ¼ Fþ Grad ew ¼ Fþ eF; ð49Þ
which is especially advantageous for the numerical
implementation.
The described concept (42)–(49) and the standard FEM program
FEAPpv (Taylor, 2011; Zienkiewicz and Taylor, 2000) are used to
write a multiscale FEM-program MSFEAP (Ilic, 2010). This program
is applied for the simulations which are presented in Sections 6
and 7.
5.1. Multiscale approach for curing materials
While the general principles of the homogenization theory are
explained in Section 5, some details about the numerical imple-mentation of the curing model in the multiscale scheme are pro-
vided here. The starting point for the formulation at both levels
are the energy functional (14) and its second variation (15). At
the macroscopic level, the expression (15) remains unchanged. In
order to give a clear presentation, it is here rewritten by using
the notation typical for the macrolevel (overbar symbol)Z
V
Graddu : GradDu  Sdev þ Svol
h ih i
dV þ
Z
V
GradTdu  F
h i
: Edev þ Evol
 
: FT  GradDu
h i
dV þ
Z
V
GradTdu  F
h ih
: JC1
K
V
Z
V
JC1 : FT  GradDu
h i
dV
#
dV ¼ du PresðuÞ;
u ¼ u0; du ¼ 0; Du ¼ 0 on @Bu: ð50Þ
Please note that the BVP (50) is completed by introducing Dirichlet
boundary conditions, but it still cannot be solved as the effective
constitutive laws Wdev and Wvol are not available. For their calcula-
tion, and the calculation of their derivatives Sdev; Svol; Edev; Evol;
@2 Wvol
@ H2
, the data from the microscale is necessary.
The formulation at the microlevel is similar to (15) and to (50)
but it is not identical:Z
V
Gradd ew : GradD ew  Sdev þ Svol½  dV þ Z
V
GradTd ew  Fh i
: Edev þ Evol½  : FT  GradD ewh idV þ Z
V
GradTd ew  Fh ih
: JC1
K
V
Z
V
JC1 : FT  GradD ewh idVdV ¼ dewPresð ew; FÞ;ewþ ¼ ew; d ew ¼ 0; D ew ¼ 0 on @B: ð51Þ
There are several crucial differences appearing here: the BVP de-
pends on the microﬂuctuations ew instead of the displacements u,
the residual depends, among others, on the macroscopic deforma-
tion gradient F, the periodic boundary conditions deﬁned by (48)
are applied instead of the standard Dirichlet boundary conditions.
It should be emphasized that the curing effects are implemented
through the expressions depending on thefree energy density (2)
and (3). For example, the deviatoric quantities are calculated on
the basis of expressions (20), (23), (24), and the volumetric quanti-
ties are calculated by using relations (22) and (25). For the particu-
lar case of the neo-Hooke material, the expressions are summarized
in Section 4. The BVP (51) is well posed and contrary to (50), it can
be solved directly. Its solution is furthermore used at the macrolevel
for the calculation of the missing quantities so that the curing ef-
fects are indirectly implemented in the ﬁnal solution.
6. Application of the curing model
In this section, several numerical examples are presented to
demonstrate the application of the curing model and its imple-
mentation into a multiscale homogenization scheme. For this pur-
pose, the time-dependent material behavior is simulated on the
basis of the exponential evolution laws for material parameters.
The examples focus on two main topics: the modeling of homoge-
neous and microheterogeneous polymers. In both cases, the behav-
ior of a sample during the three-phase tests (pull-hold-pull and
pull-hold-push) is considered. All simulations are performed by
using the multiscale program MSFEAP (Ilic, 2010).
6.1. Time-dependent material behavior
Two approaches are commonly used for the modeling of poly-
mers in the curing phase: either the material parameters are as-
sumed as functions of the curing degree (Adolf et al., 1998; Adolf
and Chambers, 1997; Adolf and Chambers, 2007; Adolf et al.,
S. Klinge et al. / International Journal of Solids and Structures 49 (2012) 2320–2333 23252004; Adolf and Martin, 1996; Lion and Höfer, 2007) or as time-
dependent functions (Hossain et al., 2009a; Hossain et al.,
2009b). Within the scope of this contribution, the focus is on the
second type of approach and in particular on the assumptions for
the shear modulus and Poisson’s ratio. For this purpose, the exper-
imental results presented in Fig. 1 are ﬁrst analyzed. Fig. 1(a)
shows that the initial value of the shear modulus is zero and that
this material parameter increases very fast at the beginning of
the curing process. In the later stages, the rate gradually decreases
and the parameter tends to a limit value (Kiasat, 2000). Fig. 1(b)
shows that Poisson’s ratio changes in a similar way except for
the fact that it has a non-zero initial value (O’Brien et al., 2007).
Please note that the different materials with the different curing
time are investigated.
The described properties of the experimentally obtained data
about the evolution of material parameters indicate that the expo-
nential saturation function is a possible, well suited choice for the
ﬁtting functions:lðtÞ ¼ l0 þ ½l1  l0½1 expðjltÞ; ð52Þ
mðtÞ ¼ m0 þ ½m1  m0½1 expðjmtÞ: ð53ÞHere, l0 represents the initial value and l1 the end value of the
shear modulus while jl determines the speed of growth of the
shear modulus. The constants applied in the expression for Pois-
son’s number have an analogous meaning but the limiting condition
m1 6 0:5 has to be additionally taken into account. The two as-
sumed functions furthermore can be used to calculate the remain-
ing material parameters. In this work, the emphasis is placed on
the bulk modulus since the energy density (26) depends on this
parameter. Moreover, before the necessary expressions are listed,
it is pointed out that the relationships valid in the theory of elastic-
ity can be applied only for the very beginning of the process, which
goes back the fact that all material parameters in the current model
are time-dependent (Tschoegl, 1989). Accordingly, the initial bulk
modulus is deﬁned in the standard wayj0 ¼ 2l0ð1þ m0Þ3ð1 2m0Þ ð54Þwhile the remaining values of this parameter are evaluated step-
wise (Tschoegl, 1989)400
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Fig. 1. (a) Experimental data on the storage shear modulus (G0 ¼ l0) for the unsaturated
symbol denotes the real part of the material parameter. (b) Experimental data on Poiss
journal). Symbol mcðtÞ denotes lateral Poisson’s ratio and mðtÞ viscoelastic Poisson’s ratiojðtmÞ ¼ 2lðtmÞ  m0 3jðtm  t1Þ þ lðtm  t1Þ  lðtmÞ½ ½
mðt1Þ 3jðtm  t2Þ þ lðtm  t2Þ þ lðtmÞ½ 
þ
Xm1
i¼2
mðtiÞ½3jðtm  tiþ1Þ  3jðtm  ti1Þ þ lðtm  tiþ1Þ
þlðtm  ti1Þ þ mðtmÞ½3j0 þ l0 þ 3jðtm  tm1Þ
þlðtm  tm1Þ= 3 3m0  3mðt1Þ½ : ð55Þ
The application of Eqs. (52)–(55) for the simulation of the evo-
lution of material parameters is illustrated in Fig. 2. However, it
should be emphasized that here as well as in the remaining part
of the paper, the academic examples are considered. The material
parameters in these examples are chosen such that a clear compar-
ison of different effects is achieved and they do not correspond to a
particular kind of material. The determination of constants corre-
sponding to a speciﬁc kinds of curing polymers requires the appli-
cation of the inverse analysis and is envisaged as a topic for the
future work.
6.2. Curing of homogeneous polymers
This section presents few examples related to the curing of
homogeneous materials. They deal with a tests with three phases:
pull-hold-pull. Each time, this test is performed for a sample with
different material properties.
The ﬁrst example is concerned with the model shown in Fig. 3
(a). Here, a mesh with 18  6 elements is used to discretize a plate
with the dimensions 300 mm  100 mm. All displacements on the
left boundary as well as the vertical displacements on the right
boundary are constrained. The horizontal displacements on the
right boundary are determined by the function U which is pre-
sented in Fig. 3(b). This diagram shows that the displacements in-
crease linearly in the ﬁrst phase (0–5 s), remain constant in the
second phase (5–25 s) and again increase linearly in the last phase
(25–30 s). The slope of the diagram in the ﬁrst and the third phase
is the same and amounts to 3 mm/s. The complete loading period
lasts 30 s. The assumed time increment amounts to Dt ¼ 1 s. The
material behavior in this example is described by constant Pois-
son’s ratio m ¼ 0:35 and by the shear modulus, evolving according
to the assumption (52). The constants applied for the calculation of
the shear modulus are: the initial shear modulus l0 ¼ 0:01 MPa,
the end shear modulus l1 ¼ 50 MPa, and the speed of curing
jl ¼ 0:15 s1.
The results of the simulation are presented in Figs. 4–6. The ﬁrst
of these ﬁgures shows the state of r11 stress for different time steps,0.4
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Fig. 2. (a) Evolution of the shear modulus and Poisson’s ratio simulated by using Eqs. (52), and (53). The applied set of constants:
½l0;l1;jl ¼ ½0:01 MPa;500 MPa;0:1 s1; ½m0; m1;jm ¼ ½0:4;0:49;0:8 s1. (b) The values of the bulk modulus calculated by using Eqs. (54) and (55).
A
x1
x2
U1
20
25
30
35
0
5
10
15
0 5 10 15 20 25 30
U
 [m
m
]
Time t [s]
(a) (b)
Fig. 3. (a) Tension test for a rectangular plate. (b) Displacement function U.
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phases is clearly depicted. Fig. 4(a), for example, is related to the
beginning of the ﬁrst loading phase, Fig. 4(b) and (c) to the begin-
ning and the end of the holding phase and Fig. 4(d) to the end of
the loading. By comparing the values presented, it can be concluded
that an increase of displacements causes an increase of stress and
that there is no change of stress during the holding phase.
The details of the change of the stress state at the single point A
are shown in Fig. 5(a). Here, the analogous phases can be observed
as in the loading diagram. During the ﬁrst ﬁve seconds, the stress
increases, however, the change is nonlinear because of the evolu-
tion of the shear modulus. The stress in the holding phase remains
constant as predicted by Eqs. (18) and (19). In the last ﬁve seconds,
the stress increases, however, the change is linear as the material is
almost cured and the inﬂuence of the evolution of the shear modu-
lus on the stress growth is just minor. The change of stress with re-
spect to the displacement function U is presented in Fig. 5(b). Here,
the linear and nonlinear changes of stress are evenmore noticeable.
The example explained does not give an insight into the effects
of the change of Poisson’s ratio on the body response caused by the
prescribed displacements. In order to obtain information on this
inﬂuence, the same test is repeated for different values of Poisson’s
ratio. The values are chosen in an increasing order with the limit-
ing value 0.5. The numerical values for the point A are presented in
Fig. 6(a) and (b). The former shows the change of stress r11 versustime while the latter shows the dependence of the stresses on Pois-
son’s ratio for one time step (5 s). Both diagrams show that increas-
ing Poisson’s ratio causes higher values of stress.
The ﬁnal example considers the case in which the inﬂuences of
the time-dependent shear modulus and Poisson’s ratio are com-
bined. These parameters change according to the functions (52)
and (53). The behavior of a material with constant Poisson’ s ratio
(Material 1) and two materials with time-dependent Poisson’s ra-
tio (Materials 2 and 3) are simulated within the example. The set
of the values related to the shear modulus is the same as in the ﬁrst
example ½l0;l1;jl ¼ ½0:01 MPa;50 MPa;0:15 s1, while the val-
ues related to Poisson’s ratio are chosen as follows: m ¼ 0:35 for
Material 1, ½m0; m1;jm ¼ ½0:01;0:499;0:15 s1 for Material 2 and
½m0; m1;jm ¼ ½0:4;0:499;0:15 s1 for Material 3. Again the situation
as shown in Fig. 3 is considered. The results presented in Fig. 7
show the main characteristics already observed in the previous
examples: the nonlinear dependency in the ﬁrst phase, the con-
stant values in the second phase, and the linear dependency in
the last phase. However, there is another special feature which
should be emphasized: A comparison with the diagram corre-
sponding to Material 1 and Material 2 shows that the high values
of Poisson’s ratio in the last phase of curing cause a very steep
slope in the stress diagram corresponding to Material 2. This also
indicates that an assumption of constant Poisson’s ratio during
the curing process can lead to a signiﬁcant underestimation of
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the stresses are permanently higher than those that are obtained
by assuming that Poisson’s number has the constant long-time va-
lue 0.35 or that it changes in the range 0.01–0.499.
Due to the time dependency of Poisson’s ratio, a consideration
of the volume change is also instructive. The dependency of this ef-
fect on time and on the prescribed displacement function U is pre-
sented in Fig. 8. Here, the diagram related to Material 2 shows a
fast growth in the ﬁrst loading phase. Further it remains constant
during the holding phase and slightly grows in the ﬁnal loadingphase. Such behavior certainly goes back to the fact that Poisson’s
ratio has low values at the beginning and values close to 0.5 at the
end of the curing process. The situation is quite different in the
case of the reference material with constant Poisson’s ratio. Here,
the volume changes with the same rate in both loading phases.
However, in comparison with the material with changeable Pois-
son’s ratio, the rate is lower in the ﬁrst phase and much higher
in the last loading phase. Due to the high values of Poisson’s ratio,
the volume change of Material 3 is very low in all three phases. The
presented values are related to element ‘‘1’’ marked in Fig. 3.
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The modeling of heterogeneous polymers will be presented
using two examples, in which a curing polymer is combined with
a nonlinear elastic material with constant material properties.
The new phase has a high shear modulus and simulates the rein-
forcement ﬁber embedded in a polymer.
The ﬁrst example is concerned with the tension test which is
shown in Fig. 9. Here, a square plate with the dimensions
100 mm  100 mm is considered at the macrolevel. All displace-
ments on the left boundary as well as the vertical displacements
on the right boundary are constrained. The horizontal displace-
ments on the right boundary are determined by the displacement
function U (Fig. 10). The plate is discretized by a mesh with 8  8
elements and the numerical integration with four Gauss points is
applied. The material microstructure is depicted by the RVEs asso-
ciated to each integrating point as explained in Section 5.
The geometry of the RVE is also presented in Fig. 9. It has a
square shape and contains an elliptic inclusion. The edge length
of the RVE amounts to 1 mm and the axes of the inclusion are
a ¼ 0:7 mm and b ¼ 0:35 mm. The displacements at vortices are
constrained. The matrix material consists of the curing material
with the time-evolving shear modulus and constant Poisson’s ratio.
The evolution of the shear modulus is determined by Eq. (52) and
the following set of constants l0 ¼ 0:01 MPa;l1 ¼ 30 MPa;
jl ¼ 0:25 s1. Poisson’s ratio amounts to 0.35. In contrast to the
matrix material, the inclusion consists of the nonlinear elastic
material with the constant material parameters l ¼ 1000 MPa
and m ¼ 0:35. The curing process is simulated over the time period
of 20 s with the time step Dt=1 s.
The results of simulations for a single point A are shown in
Fig. 11. Here, the focus is on the difference between the values ob-
tained for a homogeneous curing material and a microheteroge-
neous polymer. The inﬂuence of the inclusion is obvious: for the
same deformation prescribed, the reinforced polymer shows high-
er values of stress. However, the way of the material behavior does
not change: the stress increases nonlinearly in the ﬁrst phase, re-
mains constant in the second phase and increases linearly in the ﬁ-
nal phase. The slope of the diagrams in the ﬁrst and third phase are
steeper in the case of the microheterogeneous materials, which
goes back to the high shear modulus of the inclusion. The change
of stress is presented with respect to time (Fig. 11(a)) and with re-
spect to the displacement function U (Fig. 11(b)). In addition, the
state of the r11-stress component for the complete plate at the
end of the loading process is shown in Fig. 12. This ﬁgure also in-
cludes the stress plots for three RVEs associated to the different
Gauss points. Please note that these are different from each other
due to the material nonlinearity (Ilic and Hackl, 2009).
The second example related to the modeling of composite
materials also deals with the situation shown in Fig. 9. Here, how-
ever, Poisson’s ratio as well as the shear modulus of the matrixA
,
x1
x2
Fig. 9. Tension test for a macroscopic plate amaterial is time-dependent. The properties of the shear modulus
remain the same as in the previous example, while the behavior
of Poisson’s ratio is determined by Eq. (52) and the following set
of constants ½m0; m1;jm ¼ ½0:01;0:49;0:25 s1. The inclusion has
the constant material parameters ½l; m ¼ ½1000 MPa;0:35.
The resulting stress state at point A for the prescribed displace-
ments U (Fig. 10) are shown in Fig. 13. These diagrams indicate that
the stress in the last loading phase increases signiﬁcantly due to
the increase of Poisson’s ratio. The slope of the diagram in this
phase is much higher than the slope of the diagram corresponding
to the reference material. For the purpose of comparison, a mate-
rial with a time-dependent shear modulus and constant Poisson’s
ratio m ¼ 0:35 is used. The results presented in Fig. 13 lead to the
conclusion that an assumption of constant Poisson’s ratio during
the curing process causes the underestimation of the stress values.
The same is valid for the homogeneous materials, which is already
shown in Fig. 7.
The simulations including the unloading are another interesting
aspect of the modeling of curing polymers. For this purpose the test
presented in Fig. 9 is repeated such that the last loading phase is
replaced by an unloading phase (Fig. 14(a)). At the end of the test,
the total horizontal displacements at the right hand boundary are
equal to zero. For the characterization of the body response, the
stress values at point A are calculated and presented in
Fig. 14(b)). Here, it is easily perceptible that the stresses due to
the reverse deformation are much higher than the stresses in the
loading phase which goes back to the high values of material
parameters at the end of the curing process. Moreover, the stress
values in case of a heterogeneous material with the high stiffness
inclusion are higher than those corresponding to a homogeneous
material (Figs. 14(b) and 15).
In order to further study the inﬂuence of the unloading, a force-
driven test is simulated as well. Within the test (Fig. 9), the applieda
b
nd the RVE associated to a Gauss point.
(a) (b)
4
6
8
10
12
s yhcua
C
t
er
ss
11
]aP
M[
Heterogeneous
material
Homogeneous
material
0
2
0 2 4 6 8 10
U [mm]
4
6
8
10
12
s yhcu a
C
t
e r
ss
11
]aP
M[
Heterogeneous
material
Homogeneous
material
0
2
0 5 10 15 20
Time t [s]
σ σ
Fig. 11. Comparison of a heterogeneous and a homogeneous polymer. (a) Stress as a function of time. (b) Stress as a function of the prescribed displacements. Curing
material: ½l0;l1;jl; m ¼ ½0:01 MPa;30 MPa;0:25 s1;0:35, elastic inclusion: ½l; m ¼ ½1000 MPa;0:35.
9.60E+00
9.80E+00
1.00E+01
1.02E+01
1.04E+01
1.06E+01
9.39E+00
1.08E+01
(1)
(2)
(3)
3.20E-05
4.03E-05
4.85E-05
5.67E-05
6.49E-05
7.31E-05
2.38E-05
8.14E-05
1.51E-05
1.62E-05
1.72E-05
1.83E-05
1.93E-05
2.03E-05
1.41E-05
2.14E-05
-3.48E-06
-2.09E-06
-6.96E-07
6.96E-07
2.09E-06
3.48E-06
-4.87E-06
4.87E-06
(a) (b)
Fig. 12. (a) Distribution of r11 stress for the macroscopic plate at the end of the loading process t ¼ 20 s. (b) Stress component r11 for the RVEs at three arbitrary Gauss points.
Stress values are expressed in MPa.
2330 S. Klinge et al. / International Journal of Solids and Structures 49 (2012) 2320–2333forces are time-dependent: they increase in the ﬁrst phase, there-
after they are constant and ﬁnally decreasing (Fig. 16(a)). At the
end of the test, the sample is unloaded completely. In this case,
the horizontal displacements at point A are chosen for illustrating
the caused deformations (Fig. 16(b)). The obtained results support
the conclusions that have been made on the basis of the results ob-
tained for the displacement-driven tests: Due to the high stiffness
of the material, the deformations caused by the unloading are
smaller than those in the ﬁrst loading phase. Consequently, some
permanent deformations remain after the complete unloading.
For the purpose of completeness, a similar test with two loading
phases is performed. These results are presented in the same
ﬁgure.8. Conclusions
This paper presents a model for the curing of polymers in which
the inﬂuence of the incompressibility at the end of the process is
taken into consideration. This model is furthermore coupled with
the multiscale FEM which is a homogenization method based on
the solution of two BVPs, one related to the modeling of the mac-
roscopic body and the other to the simulation of the RVE. The time-
dependent material parameters and the free energy density in the
integral form are assumed in order to describe the material stiffen-
ing. The fast growth at the beginning and the moderate changes at
later stages of material parameters are modeled by the exponential
evolution laws. The split of the energy density into a volumetric
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Fig. 13. The stress state at point A for a heterogeneous and a homogeneous material. Poisson’s ratio of the matrix material of the heterogeneous material is time-dependent.
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S. Klinge et al. / International Journal of Solids and Structures 49 (2012) 2320–2333 2331and a deviatoric part as well as the multiﬁeld formulation guaran-
tee that the volume locking effects are avoided.
The model presented and the multiscale technique are used for
two groups of simulations: the single-scale problems and the mod-
eling of microheterogeneous materials. In both cases the material
behavior is analyzed on the basis of tests with three phases:
pull-hold-pull and pull-hold-push. As the main indicator of thebody response, the stress state for a single point over the loading
period is studied.
The single-scale simulations give evidence that the stress in-
creases in the ﬁrst phase nonlinearly due to the fast change of
the material parameters. During the holding phase, there are no
stress changes. Finally, during the second loading phase, the stres-
ses increase linearly as the curing process is nearly ﬁnished. A com-
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Fig. 17. An arbitrary RVE with cavities and singular surfaces.
2332 S. Klinge et al. / International Journal of Solids and Structures 49 (2012) 2320–2333parison of the results for different values of Poisson’s ratio yields to
a conclusion that the higher values of this parameter cause the
higher stress values. Moreover, a simulation of the material with
time-evolving Poisson’s ratio shows that the stress values in the
last phases exceed the values which are obtained if a constant va-
lue is assumed. This also indicates that the stress values might be
signiﬁcantly underestimated if the effects of the change of Pois-
son’s ratio are not taken into consideration.
The multiscale approach is used to model a combination of the
curing polymers with a nonlinear elastic material with constant
parameters. The additional phase represents the reinforcement
embedded in the curing material. The analysis of the evolution of
the stress at one point of a macroscopic sample shows that the
material response remains similar to that for a single-phase mate-
rial: the nonlinear increase is followed by a phase with the con-
stant values and a phase with the linear increase. However, the
values of the stress are much higher because of the high shear
modulus of the inclusion. The test studying a material with time-
dependent Poisson’s ratio endorses the observation that the high
values of Poisson’s ratio at the late stage of the curing cause a sig-
niﬁcant increase of stress. The comparison of the displacement-
controlled and force-controlled simulations including an unloading
phase is also performed. These results show that the reverse defor-
mations of a nearly cured polymer cause very high stresses and
that the signiﬁcant permanent deformations stay behind the
unloading in a force-controlled test.
The present paper is concerned with some new aspects of the
curing process, however, there are still many additional factors
which should be investigated. For example, the implementation
of the viscoelastic effects into the proposed mechanical model
might signiﬁcantly contribute to more realistic simulations. The
alternative assumptions for the evolution laws for material param-
eters and the constants appearing there are also an interesting to-
pic. Its study is closely related to the intensive experimental
investigations and to the development of a suitable program code
based on the principles of the inverse analysis.
Appendix A. Derivation of the macroscopic ﬁrst Piola–Kirchhoff
stress tensor and the deformation gradient
Within the scope of the homogenization theory, the deﬁnitions
for the macroscopic deformation gradient and the ﬁrst Piola–
Kirchhoff stress tensor are of primary importance. These
deﬁnitions are established according to Hill’s assumption that
macroquantities have to be expressed dependent on the micro-quantities acting on the boundary of RVE. Since such an RVE in
general includes one or more cavities and singularities (Fig. 17),
the extended form of the Gauss theorem is relevant in this caseZ
B
GradA dV ¼
Z
@B
A NdAþ
Z
G
A NdA
Z
C
A½ ½   N dA: ð56Þ
Here, A is an arbitrary vector ﬁeld, B is the RVE with the boundary
@B; G denotes the boundaries of the cavities, C is the singular sur-
face, N is the normal to the surface of the RVE,  represents the dya-
dic product and A½ ½  in X 2 C is the jump of vector ﬁeld A on the
singular surface. Furthermore, for an arbitrary RVE and two tensor
ﬁelds M and Q with the following properties
DivM ¼ 0 in B;
sMt  N ¼ 0 on C;
M N ¼ 0 on G;
Q ¼ GradRð ÞT :
ð57Þ
The volume average of the product can be transformed into a sur-
face integral
1
V
Z
B
M  QdV ¼ 1
V
Z
@B
M Nð Þ  RdA; ð58Þ
where R denotes the vector ﬁeld deﬁned by the last expression in
Eq. (57).
Using the fact that the ﬁrst Piola–Kirchhoff stress tensor satis-
ﬁes the expressions (57)
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sPt N ¼ 0 on C;
P  N ¼ 0 on G
ð59Þ
and that unit tensor I ¼ GradX can be observed instead of an arbi-
trary tensor Q , the ﬁrst Piola–Kirchhoff macrostress tensor can be
deﬁned as
P :¼ 1
V
Z
B
P  IdV¼ 1
V
Z
@B
P Nð ÞXdA¼ 1
V
Z
@B
TXdA; T¼P N; ð60Þ
where X is the position vector and T is the traction. Eq. (60) shows
that the volume average of the microscopic ﬁrst Piola–Kirchhoff
stress tensor can be written in the form of a surface integral. This
furthermore indicates that it can be assumed as the deﬁnition for
its macroscopic counterpart.
Different from this, the microdeformation gradient F itself does
not fulﬁll conditions (57) but is deﬁned as F ¼ Gradx. Conse-
quently, relation (56) can be directly applied to calculate its vol-
ume average
1
V
Z
B
FdV ¼ 1
V
Z
@B
x NdAþ
Z
G
x NdA
Z
C
x½ ½   NdA
 
: ð61Þ
Given that macroquantities should be expressed depending on the
values on the boundary of the RVE and assuming that x½ ½  ¼ 0,
the ﬁrst term at the right-hand side of (61) is chosen as the deﬁni-
tion of the macrodeformation gradient
F :¼ 1
V
Z
@B
x NdA ¼ 1
V
Z
B
FdV 
Z
G
x N dA
 
ð62Þ
Clearly, the macrodeformation gradient only coincides with the vol-
ume average of the microdeformation gradient for an RVE without
cavities or singular surfaces.
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